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Abstract
The relationship between the amount of rotation of the eyeball and the amount of rotation of the line of sight was investigated.
The planar model and ellipsoidal model were compared as the trajectory of the center of the pupil. An evaluation of precision was
carried out by measuring the discrepancy between the direction of the target and the estimated direction of the line of sight. The
experimental results showed that the planar model was more precise than the ellipsoidal model. The center of rotation of the eyeball
seems to translate along the oblique rotation of the eyeball.
 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
The line of sight is usually determined by observing
the rotation of the eyeball. The displacement of the
center of the entrance pupil or the center of a Purkinje
image on eye pictures has been used as an indication of
the rotation. To measure the line of sight with these
methods, a calibration map is required which expresses
the relationship between the displacement of the track-
ing point and the line of sight.
In previous research, the distance from the center
of the pupil to the center of the ﬁrst Purkinje image
(Merchant, Morrissette, & Porterﬁeld, 1974), the shape
of the projected pupil (Bechai & Hallett, 1977), and the
position of the center of the pupil relative to the optical
axis of the camera (Barbur, Thomson, & Forsyth, 1987)
have been used as quantitative indications of the rota-
tion of the eyeball.
The mapping algorithm has been based on the as-
sumption that the displacement of these points is almost
proportional to the rotation displacement of the line of
sight (Barbur et al., 1987; Mackworth & Mackworth,
1958; Merchant et al., 1974; Wendt, 1952; White,
Hutchinson, & Carley, 1993).
When the rotation range of the eyeball is small, the
displacement of the center of the pupil and the Purkinje
images are considered unequivocally to be in a plane. In
this case, a linear translation of the amount of the dis-
placement of the center of the pupil into the displace-
ment of the line of sight is sure to work well (Cornsweet
& Crane, 1973; Stark & Sandberg, 1961). For a large
angle of rotation, however, the trajectory of the center
of the pupil is considered to be round. Therefore, the
precision of the measurement of the line of sight is sure
to decrease, as Jones (1973) mentioned with regard to
the limbus method. Using a spherical trajectory model
is plausible for removing this distortion (Nakayama,
1974). The expanded calibration method of Moore,
Haslwanter, Curthoys, and Smith (1996) assumed a
spherical model for the trajectory of the center of the
pupil in order to solve the inverse problem of the esti-
mation of the center of rotation and the radius of the
eyeball.
To obtain increased accuracy, it would be eﬀective to
use a more precise model for the trajectory of the center
of the pupil. Therefore in this paper, an ellipsoid is in-
vestigated as a model for the trajectory of the center of
the pupil.
2. Calibration method between the center of the pupil and
the line of sight
In this section the mathematical basis required to
calibrate and estimate the direction of the line of sight is
described.
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2.1. Planar model
The traditional method for assigning the position of
the center of the pupil or corneal reﬂection projected as
an image to the sighting point, is by superimposing the
image onto the viewing plane (Mackworth & Mack-
worth, 1958). Plane interpolation is one of the conceiv-
able extensions for a more accurate measurement. For
example, the left image of Fig. 1 shows the projection of
the eye onto the camera. The right image shows the
ﬁxation area. The position of the center of the pupil in
the region S0 on the eye image corresponds to a position
in the region S on the ﬁxation area. See Appendix A for
a more detailed procedure for estimating the line of sight
with plane interpolation.
2.2. Ellipsoidal model
Plane interpolation assumes that the displacement of
the center of the pupil on the image is in proportion to
the displacement of the line of sight, at least in each
corresponding pair of segments. However the center of
the pupil actually rotates with the eyeball, therefore the
trajectory of the center of the pupil is presumably round.
Assuming that the center of the pupil makes an ellip-
soidal trajectory, the position~v of the center of the pupil
from a camera is formulated as:
~v ¼ MAR~uþ~d; ð1Þ
where M is the shape and the size of the ellipsoid; A is
three-dimensional rotation which relates head-oriented
coordinates with camera-oriented coordinates; R is two-
dimensional rotation of the center of the pupil from the
reference ~u; ~u is a unit vector indicating the direction
from the center of rotation of the eyeball toward
the center of the pupil when the subject is looking
at the central calibration target (T5 in Fig. 3); and ~d is
the translation between head-oriented coordinates and
camera-oriented coordinates (see Appendix B).
The process of measuring the direction of the line of
sight consists of two phases: calibration and measure-
ment. In the calibration phase, from several pairs of
known rotation R and measured position ~v, the other
parametric matrices M and A, and ~d are calculated as
the solutions of simultaneous equations (see Appendix
C). In the measurement phase, R indicates the direction
of the line of sight. R is obtained from the measured
position ~v of the center of the pupil, the calibration
matrices M and A, and ~d (see Appendix D).
3. Experiment
To compare the ellipsoidal model with the planar
model, the following experiment was carried out.
3.1. Equipment
The apparatus set-up is shown in Fig. 2. The subject
was seated with his head on a chin rest and his forehead
tightly held in a head brace with a rubber band. A
dichroic mirror (30 cmðwÞ  20 cmðhÞ) was ﬁxed at 10
cm in front of the subject and at a 45 angle toward the
ground. On the mirror, infrared rays were speciﬁcally
reﬂected. An infrared LED was ﬁtted with 40 of dip
from the subject’s right eye so that the illumination
produced a thin shadow of eyelashes. An infrared CCD
video camera (KONICA KS-30, lens: COSMICAR
B7514C with 20 mm close-up tube) was installed under
the mirror with the optical axis directed upward to take
an image of the eye.
The image was captured with a frame grabber (Data
Translation DT3155) and converted to a digitized image
(320 pixelsðwÞ  240 pixelsðhÞ). The frame grabber de-
livered square pixels. The center of the pupil was cal-
culated and recorded at 15 Hz. The center of the pupil
was recognized as the center of the largest black region
in the binarized eye image, which is the mean value of
the coordinates of the midpoints of the longest hori-
zontal black scanlines inside the region.
3.2. Methods
The subject was required to view a target area on a 15
in. LCD VGA monitor positioned 30 cm in front of the
recorded eye. The target consisted of two concentric
Fig. 1. Plane interpolation process. In the calibration phase, the po-
sitions of the center of a pupil ﬁxating on calibration targets are re-
corded. In the measurement phase, any position of the center of the
pupil is translated into the direction of the line of sight by linear in-
terpolative translation. Fig. 2. Apparatus.
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disks, a black disk of 1 mm in diameter in front of a red
disk of 5 mm in diameter. The left eye of the subject was
covered with a patch to enable monocular behavior to
be investigated.
The subject was instructed to look at the black por-
tion of the target. The targets were then presented at the
positions shown in Fig. 3 for intervals of ﬁve seconds. In
this way, eye position during ﬁxation on the targets was
conﬁrmed. Four of these points (T2, T4, T6 and T8) cor-
respond to the calibration pattern. The remaining were
used for veriﬁcation of the calibration procedure using
the plane and ellipsoid interpolation technique.
The subjects were four males in their twenties.
4. Results
The radii length of the ellipsoid estimated during the
process of calibration is shown in Table 1. The hori-
zontal radius was larger than the vertical radius for the
two subjects. The horizontal and vertical radii were al-
most the same length for the remaining two subjects.
The line of sight was estimated with the two models
from the same data. To evaluate the accuracy, the av-
erage discrepancy from the positions of the targets to
the calculated sighting direction was computed. At the
midway points (T10, T11, T12 and T13) no diﬀerence was
seen between the two models (Table 2), however, at the
corners (T1, T3, T7 and T9) the planar model was more
precise for three of the subjects (Table 3).
5. Discussion
The distance from the peak of the cornea to the center
of rotation has been reported to be between 12.3 and
15.9 mm in the study of Donders and Doijer in 1862
(von Helmholtz, 1909), and between 12.4 and 16.1 mm
in the study of Fry and Hill (1962). On the other hand,
the distance from the peak of the cornea to the center of
the entrance pupil, is between 2.7 and 3.0 mm (Gull-
strand, 1909a,b). As a result the rotation radius of the
center of the pupil is between 9.3 and 13.4 mm. The
measured values shown in Table 1 are therefore con-
sistent with previous calculations.
The horizontal radius was 1.7 mm longer than the
vertical radius on average. The length of the horizontal
radius in comparison with the vertical radius was re-
ported in Valentin’s study in 1844 (von Helmholtz,
1909). The diﬀerence between the radii was observed as
1 mm in his study.
To the authors’ knowledge, no detailed studies on
the vertical center of rotation have been published. To
clarify the behavior of the center of rotation of the eye,
the location of the vertical center of rotation needs to be
investigated. Under the condition where the inconsis-
tency between the horizontal center of rotation and the
vertical center of rotation is not negligible, an ellipsoid
seems to be the simplest shape for the trajectory of the
center of the pupil.
Previous research has concluded that the horizontal
center of rotation of the eye is located at 1 mm nasal-
ward from the optical axis of the eye (Fry & Hill, 1962).
Fig. 3. The grid of the ﬁxation targets on the calibration plane. T2, T4,
T6 and T8 were used for calibration (open circles). The other targets
were used for evaluation of the accuracy of measurement (closed cir-
cles). The target actually appears at any of these points. The numbers
in parentheses below the circles indicate the directions ðh;/Þ of the
points from the subject’s right eye. The values are in degrees for the
Fick’s coordinates.
Table 3
The discrepancy of the estimated sighting line from the targets () at
the corners (T1, T3, T7 and T9)
Subject Planar model Ellipsoidal model
HT 1.2 2.4
MT 0.9 0.8
TH 1.5 2.5
YK 0.7 1.5
Table 1
The radii of the estimated ellipsoidal trajectory of the center of the
pupil (mm)
Subject Horizontal radius Vertical radius
HT 11.5 11.5
MT 14.2 12.1
TH 10.8 11.0
YK 15.6 10.4
Average 13.0 11.3
Table 2
The discrepancy of the estimated sighting line from the targets () at
the midway points (T10, T11, T12 and T13)
Subject Planar model Ellipsoidal model
HT 1.2 1.1
MT 1.7 1.8
TH 1.1 1.3
YK 1.1 1.2
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Another interpretation says that the center of rotation
of the eyeball on the optical axis moves back and forth
(Enright, 1984; Park & Park, 1933), however these seem
to be almost equivalent expressions of the same phe-
nomenon. Anyway, assuming that the center of the
pupil moves along an almost spherical trajectory, then
the proportional relationship between the rotational
displacement of the line of sight and the displacement of
the center of the pupil on the acquired images works
loose for a displacement of more than 10, resulting in
imprecise measurement of the line of sight. The experi-
mental result showed, however, that the accuracy of
estimation of the line of sight was higher when the
planar model was applied to the pupil center trajectory
than when the ellipsoidal model was applied. This in-
dicates that when the eyeball displaces obliquely, the
center of the pupil moves on a planate trajectory.
Previous research into an eye tracker required many
calibration targets for precise measurement (Hutchin-
son, White, Martin, Reichert, & Frey, 1989; Yamada,
Fukuda, & Hirota, 1990). A more sophisticated trajec-
tory model may enable the required number of targets to
be reduced, however, its shape would be more compli-
cated than a simple ellipsoid.
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Appendix A. Sighting point estimation with a planar
model
The planar model is a simple method for estimating
the direction of the line of sight from the position of the
center of the pupil projected onto a camera. When a
subject ﬁxes on the targets T2, T4, T6 and T8 and the
position of the center of the pupil on the projected image
is recorded as T 02, T
0
4, T
0
6; and T
0
8, the image is divided into
S04 and S
0
6 with three rays which start at T8 and go
through T2, T4 or T6. Mapping S04 onto S4 and S
0
6 onto
S6 gives a sighting point for any position of the center
of the pupil (Fig. 4).
The inside of each segment is mapped as follows.
When the center of the pupil is detected in the segment
S6, the position~x0 is expressed with the vectors~a0 from T8
to T2 and ~b0 from T8 to T6, and with the coeﬃcients t, u
as:
~x0 ¼ t~a0 þ u~b0: ðA:1Þ
Then the coeﬃcients are calculated as:
t
u
 
¼ ½~a0 ~b0 	
1~x0: ðA:2Þ
In the corresponding segment of the calibration
plane, the estimated sighting point ~x is deﬁned as the
two-dimensional linear interpolated position with the vec-
tors ~a from T8 to T2 and ~b from T8 to T6 as:
~x ¼ t~aþ u~b: ðA:3Þ
This procedure gives an identical sighting point for any
position of the center of the pupil (Fig. 5).
Appendix B. Deﬁnition of an ellipsoidal trajectory
A unit sphere, of which the center is united with the
ellipsoid, is considered to identify the position on an
ellipsoid. Any position on the sphere ~p from the center
of the sphere is expressed with the reference~u and Fick’s
two-dimensional rotation matrix R:
~p ¼ R~u; ðB:1Þ
with
R ¼
cos h cos/ 
 sin h cos h sin/
sin h cos/ cos h sin h sin/

 sin/ 0 cos/
2
4
3
5; ðB:2Þ
where h and / are the amount of horizontal and vertical
rotations from ~u respectively.~u denotes the reference of
Fig. 4. Sections of projection plane and calibration plane.
Fig. 5. Making a translation map of the area inside a section between
the projection plane and the calibration plane with plane interpolation.
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direction, so it can be deﬁned anyway as a unit vector.
Here we deﬁne it as:
~u ¼
1
0
0
2
4
3
5: ðB:3Þ
If ~u is perpendicular to the calibration plane, ~p pro-
vides the line of sight (see Appendix D). When ~p is ob-
served from any point on a camera, the vector is
recognized as ~w along the coordinates on the camera as:
~w ¼ A~p; ðB:4Þ
where A is the relative rotation between the two coor-
dinates. Following Fick’s left-handed rotation order
(Fick, 1854; Haslwanter, 1995),
An ellipsoidal trajectory is deﬁned as a shape whose
axes are the magniﬁcation of a unit sphere along the
axes of the coordinates x, y and z by rx, ry , rz. Then the
center of the pupil~e anywhere on the ellipsoid from its
center is expressed as:
~e ¼ M~w; ðB:6Þ
where
M ¼
rx 0 0
0 ry 0
0 0 rz
2
64
3
75;
k~wk ¼ 1:
8>><
>>:
ðB:7Þ
Any position on the ellipsoid~v is derived as:
~v ¼~e þ~d; ðB:8Þ
where ~d begins at the origin of the coordinates of the
camera sensor to the center of the ellipsoid. Arranging
these equations results in Eq. (1). The relation of the
vectors which appeared is shown in Fig. 6.
The multiplication order of matrices MAR in Eq. (1)
restricts the shape of the ellipsoid. A general ellipsoid is
given by the order of AMR. The order of MAR limits
the direction of magniﬁcation to the three orthogonal
axes ﬁxed on the camera. This change in order con-
tributes to the solution of Eq. (C.8). Eq. (C.8) cannot
have a simple solution without this change, because Eq.
(C.7) is not feasible under this condition.
If the experimenter wants to measure the horizontal
and vertical radii of the ellipsoid, the horizontal and
vertical axes of the image sensor of the camera should be
carefully adjusted to be as parallel as possible to the
horizontal and vertical axes of the eye, respectively.
Appendix C. Estimation of an ellipsoid
In Eq. (1) the normal vector of the camera sensor
plane was deﬁned as ð1; 0; 0Þ in the coordinates of the
camera sensor. Then the position ~v0 of the projected
center of the pupil in the coordinates of the camera
sensor is expressed as:
~v0 ¼ P~v; ðC:1Þ
where
P ¼
0 0 0
0 1 0
0 0 1
2
4
3
5: ðC:2Þ
To estimate an ellipsoid, T 02, T
0
4, T
0
6 and T
0
8 in Fig. 4 are
utilized. Applying Eq. (C.1) to these four points derives
simultaneous equations as:
~v0n ¼ PMARn~uþ~d 0; ðn ¼ 2; 4; 6; 8Þ; ðC:3Þ
where
~d 0 ¼ P~d: ðC:4Þ
Here, the product MA and ~d 0 are unknown, and ~v0n
and Rn~u are known. ~v0n is measured from the projected
image on the camera. Rn~u is the direction of each cali-
bration target.
To solve these equations, remove ~d 0 by subtracting
the equation n ¼ 8 from the equations n ¼ 2; 4; 6. Deﬁne
N as PMA, then the equations are reduced to:
Fig. 6. Deﬁnition of the ellipsoid.
A ¼
cos q cos f cos q sin f sin y 
 sin q cos y cos q sin f cos y þ sin q sin y
sin q cos f sin q sin f sin y þ cos q cos y sin q sin f cos y 
 cos q sin y

 sin f cos f sin y cos f cos y
2
4
3
5: ðB:5Þ
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v2
!
 v8!¼ NðR2 
 R8Þ~u;
v4
!
 v8!¼ NðR4 
 R8Þ~u;
v6
!
 v8!¼ NðR6 
 R8Þ~u:
8<
: ðC:5Þ
Furthermore, a redeﬁnition of s2!¼ v2!
 v8!, t2!¼
ðR2 
 R8Þ~u etc. results in:
½ s2! s4! s6!	 ¼ N ½ t2! t4! t6!	: ðC:6Þ
N can be solved by multiplying ½ t2! t4! t6!	
1 to both
sides of Eq. (C.6).
This time T 02, T
0
4, T
0
6 and T
0
8 were used, but Eq. (C.6)
has a solution only as long as ½ t2! t4! t6!	 has no in-
verse matrix. Moore et al. (1996) put the calibration
targets on a square grid, however this equation is ap-
plicable for a grid which is not square.
The following equations are to solve M, A and ~d 0
from N. Firstly, the parameters ry and rz in M are ex-
pressed as:
ry ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðN21Þ2 þ ðN22Þ2 þ ðN23Þ2
q
;
rz ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðN31Þ2 þ ðN32Þ2 þ ðN33Þ2
q
;
8<
: ðC:7Þ
because
N ¼
0 0 0
ryA21 ryA22 ryA23
rzA31 rzA32 rzA33
2
4
3
5: ðC:8Þ
A is an orthogonal matrix, so that A221 þ A222 þ A223 ¼ 1
etc. is implied. rx is unsolvable from one projected eye
image, because rx is parallel to the optical axis of the
camera. For this limitation, rx ¼ ðry þ rzÞ=2 was used in
this paper.
Next, from Eq. (C.7), several components of A are
calculated as:
A2n ¼ N2nry
A3n ¼ N3nrz
8><
>: ðn ¼ 1; 2; 3Þ: ðC:9Þ
Referring to Eq. (B.5), the parameters q, f, y are solved
as:
q ¼ sin
1 A21ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A232 þ A233
p
 !
;
f ¼ 
 tan
1 A31ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A232 þ A233
p
 !
;
y ¼ tan
1 A32
A33
 
:
8>>>><
>>>>>:
ðC:10Þ
Substitution of these values into Eq. (B.5) derives the
value of A.
According to Eq. (C.3)
~d 0 ¼~v08 
 NR8~u: ðC:11Þ
Here the position, ratio of the length of the axes, and
the size of the ellipsoid are obtained, with the exception
of the ﬁrst component of ~d, i.e. the distance from the
projected image to the center of the ellipsoid.
Appendix D. Estimating the line of sight with the
estimated ellipsoid
To estimate the position of the sighting point, the
rotation matrix R should be calculated. Eq. (1) is
transferred into
M
1ð~v
~dÞ ¼ AR~u: ðD:1Þ
Deﬁne the left side of Eq. (D.1) as ~w, then
~w ¼
vx 
 dx
rx
vy 
 dy
ry
vz 
 dz
rz
2
6666664
3
7777775
: ðD:2Þ
The position ~v0 of the projected center of the pupil is
the measured value (Eq. (C.1)). According to Eq. (C.4),
dy ¼ d 0y and dz ¼ d 0z. Furthermore, the right side of Eq.
(D.1) implies k~wk ¼ 1. Therefore ~w is solved as:
~w ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
 v
0
y 
 d 0y
ry
 !2

 v
0
z 
 d 0z
rz
 2vuut
v0y 
 d 0y
ry
v0z 
 d 0z
rz
2
666666664
3
777777775
: ðD:3Þ
Then the components of R are calculated partially with
Eq. (D.1) as:
R11
R21
R31
2
4
3
5 ¼ A
1~w: ðD:4Þ
From Eq. (B.2), h and / as the parameters of R are
solved as:
h ¼ tan
1 R21
R11
 
;
/ ¼ 
 sin
1ðR31Þ:
8<
: ðD:5Þ
Substitution of these values for Eq. (B.2) obtains R.
Moreover, substitution of R for Eq. (B.1) obtains the
position ~p of the center of the pupil on the ellipsoid.
The sighting point is deﬁned as the crossing of the
ray of the sighting line ~p toward the calibration plane.
The vectors~l from the origin of the calibration plane to
the center of the ellipsoid, and ~f from the origin of the
calibration plane to the crossing of ray~p from the center
of the ellipsoid toward the calibration plane have the
following relationship (Fig. 7).
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~f ¼~lþ k~p;
~f ~l ¼ 0;

ðD:6Þ
where k is the coeﬃcient to solve and ~f is the sighting
point. When~l was measured directly, k is calculated as:
k ¼ 
k
~lk2
~p ~l : ðD:7Þ
~f is calculated along Eq. (D.6) with the calculated k.
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